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Abstract

The greater the linearity of a transducer, the more suitable it is for vibration measurement. However,
purely linear transducers are not available. It is very common to only use a transducer in a narrow range,
where its converting characteristic is close to linear. Unfortunately, only a low signal level can thus be
obtained. Therefore, the use of linear features in the measurement process causes non-linear distortions as
well as a low signal-to-noise ratio. In this paper, a method for measurement of harmonic vibration
amplitudes is presented that allows one to eliminate the above drawbacks. This method allows the
extension of the range available for vibration measurement. It could be used, for example, in measurement
of standing waves, calibration of devices, etc. This method also gives the ability to obtain maps of the
vibration amplitudes with increased surface resolution.
r 2003 Elsevier Ltd. All rights reserved.

1. Introduction

Vibration characteristics are very important for many products in the manufacturing industry.
The classical vibration measurement methods are usually based on mechanical contact. Over the
past decade, non-contact methods (e.g., optical methods) have been developed for industrial
applications. With the characteristic of non-destructiveness, these methods are widely used in
industry for manufacturing process and automation.

In conventional vibration measurement methods, a physical converter is considered more
suitable for measurement purposes when its linearity is greater. However, purely linear converting
systems are not available. Practically, each non-linear converter can be considered as linear when
an output signal level is very small. In this case, influence of noise is increased significantly and
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signal-to-noise ratio is decreased. When trying to increase an output level, non-linear distortions
increase simultaneously [1–3].

The non-linearities may be treated by artificial linearization [4]. This method uses an additional
converter following the principal one with an inverse converting function to that of the primary
displacement converter to compensate for the non-linear distortions. Usually, this method extends
the measurement range to a very limited degree.

Thus, the use of the linear features in a vibration measurement process finally causes a
systematic error due to non-linear distortions, low signal-to-noise ratio, and low surface
resolution. To eliminate the above drawbacks a method of measurement of harmonic vibration
amplitudes has been created. Advantages of this method are shown when using electretic,
electrostatic, inductive, and photoelectric transducers. However, this method is not limited to
these transducers. Transducers that could not be used because of great non-linearity can now be
used because of this method. Theoretical conclusions are accompanied by the experimental
results.

2. Description of the method

Suppose a non-contact transducer has a non-linear characteristic f ðxÞ; where x is the distance
between an object and the transducer head. Assume the object vibrates harmonically with the
cyclic frequency o and an amplitude x0 to be measured (Fig. 1). Thus, the instant distance is

x ¼ %x þ x0 cosot; ð1Þ

where %x is the average distance. According to the new method, the transducer is located at the
minimum distance from the vibrating object so that it is not touching a surface of the
object. During the measurement process, an output signal of the transducer f ðxðtÞÞ is registered.
The output signal is differentiated with respect to time and the differentiated signal may be
written as

C ¼
df ðxÞ
dx

dx

dt
: ð2Þ
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Denoting F ðxÞ ¼ df ðxÞ=dx Eq. (2) can be rewritten as

C ¼ F ðxÞ
dx

dt
: ð3Þ

If x varies according to Eq. (1), then the function describing changes of signal (3) in time is

C ¼ �Fð %x þ x0 cosðotÞÞox0 sinðotÞ: ð4Þ

A period T of the signal C is determined. The signal value is measured T=4 after the signal crosses
zero (Fig. 2). The latter signal value multiplied by the period T gives an estimate of the vibration
amplitude.

The essence of this method consists of the following. The function FðxÞ increases strongly with
decrease in x: Dependence of the signal values measured at the time instants

ot ¼ p=2þ pk; ðk ¼ 0; 1; 2;yÞ; ð5Þ

on the amplitude x0 is linear:

Cðp=2þ pkÞ ¼ 7Fð %xÞ
2p
T

x0: ð6Þ

Therefore, the systematic error due to non-linear distortions is excluded. This allows one to reduce
the distance %x between the transducer and the vibrating object. Therefore, at the minimum
distance %x the information signal C and signal-to-noise ratio reach their maximum values.

The amplitude is equal to

x0 ¼ CTCðp=2þ pkÞ; ð7Þ

where C is the proportionality constant.

3. Errors

The converting function (3) is characteristic for velocity transducers. The structural schemes of
the electrostatic and electretic [5] transducers are given in Figs. 3a and b, respectively. When the
object vibrates, both transducers act as dynamic capacitors. A difference is that the first one
uses the constant electric voltage source and the second one uses the electrically charged
electretic film. When TbRC; where C and R are the dynamic capacitor and the load resistance,
respectively, both transducers could be considered as velocity transducers. In the case of the
electrostatic transducer, the electric charge accumulated on the electrode of the dynamic
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capacitor is equal to

QðxÞ ¼ E
eaS

x
; ð8Þ

where E; ea; S are the electromotive force, absolute dielectric permittivity of the environment, and
the area of the electrode, respectively. In the case of the electretic converter, the charge density
induced on the object surface by the electret is expressed as [5]

sindðxÞ ¼ �
s

ðex=LÞ þ 1
¼ �

sL=e
ðx þ L=eÞ

; ð9Þ

where s; L; e are the surface charge density, thickness, and permittivity of the electret, respectively.
The information signal C is the current that in the first case is equal to dQðxÞ=dt and in the second
case to SdsindðxÞ=dt (where S is the area of the metal electrode, see Fig. 3b). In both cases the
signal C is C ¼ Bx�1

0 ðA þ coso tÞ�2 sinot: The quantities A and B for the electretic transducer
are equal to

A ¼ ð %x þ L=eÞ=x0;

B ¼ �RLSso=e ð10Þ

and for the electrostatic transducer

A ¼ %x=x0;

B ¼ RESoea; ð11Þ

where A > 1; R is the load resistance and S is the area of the metal electrode.
In the following, an application of the method is given using a photoelectric transducer [6]

(Fig. 4). This transducer is based on registration of light rays reflected from the object surface. It
consists of a light emitting diode and a photodiode. The light emitting diode and the photodiode
are considered as a point light source and receiver, respectively. They are both placed close one to
another near the object surface of which the vibration amplitude is to be measured. In this case,
the transducer output signal f ðxÞ is a photodiode current (or a registered light intensity) which
follows the inverse square law if the distance x is large compared to the diameter of the light
source and that of the light receiver

f ðxÞ ¼
Ce

x2
; ð12Þ
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Fig. 3. Structural scheme of the electrostatic (a) and electretic (b) transducer.
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where Ce is some constant of the photoelectric transducer. According to its nature, the
photoelectric transducer does not provide differentiation of the function f ðxÞ: Thus, it is necessary
to perform the differentiation artificially. The differentiated signal is C ¼ 2Cex

�2
0 ðA þ

cosotÞ�3 sinot; where the quantity A is relative average distance ðA ¼ %x=x0; A > 1Þ:
Characteristics (8), (9) and (12) could be written in the general form

f ðxÞ ¼
C

xn
; ð13Þ

where the power n is equal to 1 for the electrostatic and the electretic, and to 2 for the
photoelectric transducer. In the case of the electretic transducer the quantity x þ L=e is in the
denominator of Eq. (13) instead of xðn ¼ 1Þ; however, the quantity L=e could be included in %x as
follows from Eqs. (1) and (13) used further.

In the following, errors of the conventional method, when the amplitude is obtained taking into
account extreme values of the transducer output signal, will be calculated and compared with
errors of the new method.

Evaluating the systematic error due to non-linear distortions, the output signal (3) can be
written as

C ¼ �n
C

xnþ1

dx

dt
¼

noC

ð %xÞn
An sinðotÞ

ðA þ cosðotÞÞnþ1
: ð14Þ

After solving the equation dC=dt ¼ 0 and substituting the extreme phase ðotÞe back into Eq. (14),
one obtains an expression for the extrema of the signal C

Ce ¼ 7
2nþ1=2nnþ1oC

ð %xÞn
An A

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 þ 4n2 þ 4n

p
� A2 � 2n

� �1=2

2An þ A �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 þ 4n2 þ 4n

p� �nþ1
: ð15Þ

The signal of the proposed method could be written as

Cðp=2þ pkÞ ¼ 7
noC

ð %xÞn
1

A
: ð16Þ

Error due to non-linear distortions that occurs in the conventional method is equal to

Dx0

x0

� �
1

¼
Ce �Cðp=2þ pkÞ

Cðp=2þ pkÞ
; ð17Þ
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or

Dx0

x0

� �
1

¼ 2nþ1=2nnAnþ1
A

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 þ 4n2 þ 4n

p
� A2 � 2n

� �1=2

2An þ A �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 þ 4n2 þ 4n

p� �nþ1
� 1; ð18Þ

and error due to noise could be calculated from the relation

Dx0

x0

� �
2

¼ �
DA

A
¼ �

1

ðdCe=dAÞA
DCn ¼ �

CejA¼5

ðdCe=dAÞA
ðDCn=CeÞjA¼5; ð19Þ

where CejA¼5 is signal Ce value in the point A ¼ 5; DCn is uncertainty of Ce due to noise, and
ðDCn=CeÞjA¼5 is relative noise error in A ¼ 5: Substituting (15) into Eq. (19) one obtains

Dx0

x0

� �
2

¼

23=2 5

ffiffiffiffiffiffiffiffi
52þ8

p
�52�2

� �1=2
15�

ffiffiffiffiffiffiffiffi
52þ8

p� �2
4
ffiffi
2

p
3A

ffiffiffiffiffiffiffiffiffi
A2þ8

p
�A2�8

� �
3A�

ffiffiffiffiffiffiffiffiffi
A2þ8

p� �3 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A

ffiffiffiffiffiffiffiffiffi
A2þ8

p
�A2�2

q ffiffiffiffiffiffiffiffiffi
A2þ8

p
DCn

Ce

� �




A¼5

: ð20Þ

(Here only the error for n ¼ 1 is presented due to the complicated expression required for any n).
It should be mentioned that Eq. (20) is obtained from (19) substituting Ax0 for %x after
differentiation dCe=dA; and allows one to calculate dependence of the noise error on A (or %x)
keeping x0 ¼ const which is important by amplitude measurements. In the case of the
conventional method when n ¼ 1 (the electretic or electrostatic transducer), curve 1 shows the
dependence of the non-linear distortion error on the parameter A and curve 2 corresponds to
the dependence of the noise error on A (Fig. 5). Error due to noise of this proposed method is
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found in the similar way and may be written as

Dx0

x0

� �
2

¼ �
1

ðdCðp=2Þ=dAÞA
DCn ¼ �

CejA¼5

ðdCðp=2Þ=dAÞA
DCn

Ce

� �




A¼5

¼ �

2nþ1=2nn 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
52þ4n2þ4n

p
�52�2n

� �1=2
25nþ5�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
52þ4n2þ4n

p� �nþ1

1=Anþ1

DCn

Ce

� �




A¼5

: ð21Þ

Curve 3 represents the dependence of the noise error on A: One can see that using the
conventional method, it is not possible to decrease the error due to noise (curve 2) by decreasing
the distance between the vibrating object and the transducer head. This is due to the increase of
the non-linear distortion error (curve 1). In contrast, the proposed method allows one to decrease
noise (curve 3) in such a way because the non-linear distortions are eliminated.

When using the photoelectric transducer ðn ¼ 2Þ; the errors of the conventional measurement
method are calculated considering the fact that in contrast to the previous case the output signal
of the transducer is not differentiated. The amplitude x0 is measured considering that it is
proportional to half of the difference between the maximum and minimum values of the output
signal. Thus, one can write for this difference:

ðD f Þnonl

2
¼

1

2

C

ð %x � x0Þ
2
�

C

ð %x þ x0Þ
2

� �
¼ C

2 %xx0

ð %x2 � x2
0Þ

2
; ð22Þ

and in the linear approach x2
0-0:

ðD f Þlin
2

¼ C
2x0

%x3
: ð23Þ

The error due to non-linear distortions is equal to

Dx0

x0

� �
1

¼
ðD f Þnonl=2� ðD f Þlin=2

ðD f Þlin=2
¼

A4

ðA2 � 1Þ2
� 1: ð24Þ

The error due to noise can be written as

Dx0

x0

� �
2

¼
ððD f Þnonl=2ÞjA¼5

dððD f Þnonl=2Þ
dx0

x0

D fn

ðD f Þnonl=2

� �




A¼5

¼
5

ð52 � 1Þ2
ðA2 � 1Þ3

AðA2 þ 3Þ
D fn

ðD f Þnonl

2

 !





A¼5

; ð25Þ

where ðD fn=ððD f Þnonl=2ÞÞjA¼5 is the relative noise error for A ¼ 5: Calculation of the noise error of
the proposed method is more complicated because of simultaneous differentiation of the noise
caused by the differentiation of the signal. It is necessary to find relations between the not
differentiated and the differentiated noise. Suppose measurements are perturbed by white noise.
Spectral power density p of such noise is frequency independent [7]. In the sufficiently general way
assuming uncertainty D fn is equal to a standard deviation of the noise, one can write for the noise
error of the conventional method

D fn ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2p

Z Do

0

pdo

s
¼

ffiffiffiffiffiffiffiffiffiffi
pDo
2p

r
; ð26Þ
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where Do is the angular frequency range used in measurements. If the noise, with spectral power
density p; is differentiated with respect to time, the resulting spectral power density will be o2p [7].
Noise error DCn of the proposed method could be written as

DCn ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2p

Z Do

0

o2pdo

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pðDoÞ3

6p

s
¼

Doffiffiffi
3

p D fn: ð27Þ

Taking into account Eq. (27) the noise error of the proposed method is

Dx0

x0

� �
2

¼
ffiffiffi
3

p 5

ð52 � 1Þ2
Do
o

A3 D fn

ðD f Þnonl=2

� �




A¼5

: ð28Þ

Curve 1 shows the dependence of the non-linear distortion error on the parameter A (Fig. 6),
curve 2 the dependence of the noise error on A in the conventional method, and curve 3 the
dependence of the noise error on A in the proposed method.

From Figs. 5 and 6 one can see that using the conventional method, it is not possible to
decrease the error due to noise (curve 2) by decreasing the distance between the vibrating
object and the transducer head. This is because the error increases due to non-linear distortions
(curve 1). In contrast, the proposed method allows one to decrease noise (curve 3), because the
non-linear distortions are avoided.

As it can be seen, the proposed method works better with smaller values of the parameter A: It
is possible to find a critical ratio Ac such that for AoAc; the error of the proposed method is
smaller than the total error of the conventional method. The total error of the conventional
method could be written in the form

Dx0

x0

� �
conv:m:

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Dx0

x0

� �2

1

þ
Dx0

x0

� �2

2

s
: ð29Þ
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Its dependence on A represents curve 4 in Figs. 5 and 6. A condition for finding the critical ratio
Ac is

min
Dx0

x0

� �
conv:m:

� �
�

Dx0

x0

� �
prop:m:

¼ 0; ð30Þ

where ðDx0=x0Þprop:m: is the total error of the proposed method (or its noise error), and min½ � is the
function that means a minimum value of its argument. Curves 1 and 2 (Fig. 7) represent the
dependence of the critical ratio Ac on the relative noise error found by numerical solution of
Eq. (30) for the above-mentioned cases with n ¼ 1 and 2, respectively. Nevertheless the noise is
increased in the differentiation process, the critical ratio Ac is greater in the second case ðn ¼ 2Þ:
Also the reasonable measurement range found from condition AoAc is greater in this case.

Another problem is the measurement of the distribution of amplitudes on a surface. This arises
when measuring vibrations of the objects with distributed parameters. An increase in the
measurement resolution is possible by decreasing geometrical dimensions of the measuring head.
However, it is related to the decrease of the signal level in the conventional measurement method.
In the condition of a standing wave (see Fig. 8) the instant distance between the point s of the
vibrating surface and the transducer head is equal to x ¼ %x þ x0ðsÞ cosot: For example, the
output current of the electretic transducer could be calculated by integrating

i ¼
d

dt

Z Z
S

sindðs; tÞ ds; ð31Þ

where S is the area of the measuring electrode. Taking into account Eq. (9) the output signal in
the proposed method may be written as

iðp=2þ pkÞ ¼ 7
osL=e

ð %x þ L=eÞ2
S x0; ð32Þ
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where x0 ¼ 1=S
R R

S
x0ðsÞ ds is the average measured amplitude. Since the non-linear distortions

error is excluded, the proposed method allows one to increase the signal level by decreasing the
distance %x and compensating in this way for influence of the decreased area S to improve the
resolution as seen from Eq. (27).

An induction transducer [6] is shown in Fig. 9. A magnetic induction B is artificially made
varying along the axis x; i.e., B ¼ BðxÞ: Magnetic flux F intersecting the coil of wire consisting of
m loops is calculated by integrating in the surrounded area

FðxÞ ¼ mDy

Z xþDx

x

BðxÞ dx; ð33Þ
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where Dx and Dy are geometrical dimensions of the coil along the directions x and y; respectively.
The electromotive force in the circuit is

E ¼ �
dFðxÞ
dt

¼ �
dFðxÞ
dx

dx

dt
¼ �mDy½Bðx þ DxÞ � BðxÞ�

dx

dt
: ð34Þ

As a result, one obtains a structure of Eq. (3). One could see, that for the proposed method to
work the function BðxÞ does not have any restrictions except that the function breaks. However, in
order to determine the time instants ot ¼ p=2þ pk without difficulty the function should have a
convenient characteristic, for example, to be monotonic.

4. Experiment

Experimental investigations of this method have been performed using the photoelectric
transducer, analog-to-digital converter (ADC), and the computer connected in series (see Fig. 10).
Harmonic vibration has been excited at the frequency o=ð2pÞ ¼ 42 Hz with the help of a vibrator.
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Comparison of the proposed method with the conventional one in which the amplitude is
considered to be proportional to the difference between the minima and the maxima of the
measured signal could be made taking into account experimental curves shown in Figs. 11–13. In
these figures, curve 1 represents experimental dependence of the averaged amplitude (measured
using the proposed or the conventional method) on the amplitude x0 measured with the help of
the auxiliary contact piezoelectric transducer, and curve 2 represents the standard deviation.
Curve 1 is obtained by increasing stepwise the vibration amplitude of the vibrator. Each point of
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the curve 1 has been calculated from 10 amplitude measurements performed for each vibrator
amplitude position. Curve 2 has been constructed by calculating the standard deviation s using
these 10 amplitude measurement results for each vibrator amplitude position and dividing s by
the corresponding averaged amplitude x0: Figs. 11 and 12 have been obtained at a distance of

%x ¼ 4:2	 10�3 m and Fig. 13 at a distance of %x ¼ 40	 10�3 m because at this distance the non-
linear error ðDx0=x0Þ1 of the conventional method is less than 0.05 (see Fig. 6). In this proposed
method, the required additional differentiation of the measured signal has been performed
digitally. Denoting spectral components by Zl ; the output signal f ðxðtÞÞ of the transducer could be
expressed in the form

f ðxðtÞÞ ¼
XN
l¼0

Zl cos lot: ð35Þ

Differentiation of Eq. (35) with respect to t leads to

C ¼ �o
XN
l¼0

lZl sin lot; ð36Þ

and

Cðp=2Þ ¼ �o
XN
l¼0

lZl sin l
p
2
¼ �o

XN
n¼0

ð�1Þnð2n þ 1ÞZ2nþ1: ð37Þ

Taking into account Eq. (7) for the amplitude one obtains

x0B
XN
n¼0

ð�1Þnð2n þ 1ÞZ2nþ1: ð38Þ

The coefficients Zl are proportional to the Fourier coefficients and have been found by
performing the Fourier transform of the converter output signal f ðxðtÞÞ: A filtration has been used
to diminish the noise influence according to the condition

Zl ¼
Zl if jZl�1j > jZl j

0 if jZl�1jpjZl j

(
: ð39Þ

Comparing curves 1 in Figs. 11 and 12 one can see that the filtrated curve has a clearly expressed
linear characteristic (standard error is s=x0o0:05) in contrast to the non-filtrated ðs=x0o25Þ:
However, in the conventional method, as seen from Fig. 13, noise is so significant that any
filtration cannot reduce the noise to an acceptable level ðs=x0o0:4Þ; and the useful signal is
completely covered by the noise. It should be mentioned that in the latter case the signal level was
about 1000 times smaller. As could be determined form Figs. 11 and 6, curves 2 have some similar
characteristic, i.e. both curves decrease with a decrease of parameter A: However, curve 2 in Fig. 6
is obtained keeping x0 ¼ const and for a more exact comparison of the curves it is necessary to
recalculate curve 2 in Fig. 6 keeping %x constant ð %x ¼ constÞ: When using filtration (Eq. (39)), the
type of curve 2 is changed to quadratic (Fig. 12).
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5. Conclusions

1. This proposed method allows one to measure the amplitude of the harmonic vibration with
increased signal-to-noise ratio.

2. The error due to non-linear distortions is eliminated, which favours an increase in signal level
by decreasing the distance between the object and the transducer head and increasing the
resolution when the amplitude distribution on the surface of the vibrating object is measured.

3. Requirements for the converting characteristic f ðxÞ of the transducer are very few. It should
not have any discontinuities. This method enables the use of transducers that have typically not
been used because of great non-linearity.
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